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Hamiltonian dynamics of an exotic action for gravity in three dimensions
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The Hamiltonian dynamics and the canonical covariant formalism for an exotic action in three
dimensions are performed. By working with the complete phase space, we report a complete Hamil-
tonian description of the theory such as the extended action, the extended Hamiltonian, the algebra
among the constraints, the Dirac’s brackets and the correct gauge transformations. In addition, we
show that in spite of exotic action and tetrad gravity with a cosmological constant give rise to the
same equations of motion, they are not equivalent, in fact, we show that their corresponding Dirac’s
brackets are quite different. Finally, we construct a gauge invariant symplectic form which in turn
represents a complete Hamiltonian description of the covariant phase space.
PACS numbers: 98.80.-k,98.80.Cq
I. INTRODUCTION
A dynamical system is characterized by means of its symmetries which constitute an important
information in both the classical and the quantum context. It is well-known that the analysis of a
dynamical system by means of its equations of motion implies that the phase space is not endowed
with a natural or preferred symplectic structure as it has been claimed in [1, 2], and the freedom in
the choice of the symplectic structure is an important issue because it could yield different quantum
formulations. Hence, in spite we have an infinite way to choose a symplectic structure for any
system, the following question arises: are there the same symmetries in two different actions sharing
the same equations of motion? The answer in general is not. In fact, it has been showed that two
theories sharing the same equations of motion, does not imply that the theories are equivalent even
at the classical level [3, 4]. Nonetheless, the study of any theory should be carried out extending the
definition of a dynamical system by considering its equations of motion plus an action principle, thus
we are in a profitable situation because the action gives us the equations of motion and symmetries;
additionally it fixes the symplectic structure of the theory [2, 5]. In this manner, in the study of the
symmetries of a dynamical system must be taken into account both, the equations of motion plus an
action principle [4]. Nowadays, there exist approaches that can be used for studying the symmetries
of any theory, as for instance, Dirac’s canonical formalism and the covariant canonical method, both
with their respective advantages. Dirac’s canonical formalism is an elegant approach for obtaining
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2relevant physical information of a theory under study, namely, the counting of physical degrees of
freedom, the correct gauge transformations, the study of the constraints, the extended Hamiltonian
and the extended action [6], all this information is the guideline to make the best progress in the
analysis of quantum aspects. On the other hand, in the covariant canonical method, in order to
describe all the relevant Hamiltonian description of the covariant phase space [7], we are able to
identify a gauge invariant two-form, being an important step to analyze within a complete covariant
context the theory under study. Therefore, we think that the complete analysis of any theory should
be done by performing a Dirac’s canonical approach and the canonical covariant method, the former
because it considers the action to study its symmetries, the latter takes into account the equations of
motion in order to construct the covariant phase space. In this respect, usually the way to perform
the Dirac formalism is not carried out in a complete form, namely, usually the people prefer to
work on a smaller phase space context [8–10]; this means that only those variables that occur in
the action with temporal derivative are considered as dynamical, in general in order to obtain a
complete study one must perform a pure Dirac’s method, this is, we need to consider the complete
set of variables occurring in our theory as dynamical ones. In this respect, we have performed a pure
Dirac’s canonical analysis for models as BF theories, the Pontryagin invariant, topological theories,
etc., [9, 10] and we have reported the complete structure of the constraints defined on the full phase
space, we have commented in those works, that by performing a pure Dirac’s framework we are able
to know the symmetries of the theory, as for instance, gauge symmetry and the complete algebra
among the constraints defined on the full phase space, fact that usually is not possible to obtain by
using a smaller phase space context.
In this manner, the purpose of this paper, is to develop a complete Hamiltonian analysis of an exotic
action in three dimensions. It is well-known that Palatini’s gravity with a cosmological constant and
exotic action yield the same equations of motion, and there are many works commenting that this
fact makes the actions classically equivalent ( see [11, 12] and the references therein). However, a
complete analysis of an exotic action has not been performed, and therefore the complete symmetries
of the theory are not well known. Thus, we show in this paper that the Dirac’s brackets for the
dynamical variables that define exotic action and Palatini’s gravity with a cosmological constant are
different. In fact, for the former the dynamical variables of the theory are non-commutative and the
cosmological constant can not be zero. For the Palatini action with a cosmological constant, the
Dirac’s brackets of dynamical variables are commutative and the cosmological constant can be taken
as zero, all those ideas will be clarified along the paper. In addition we report the canonical covariant
analysis of an exotic action in order to report a complete study of the theory. By constructing a
gauge invariant two form on the covariant phase space, we confirm some results obtained by means
of Dirac’s framework.
3II. HAMILTONIAN DYNAMICS FOR EXOTIC ACTION IN THREE DIMENSIONS
In this section, we will perform a pure Dirac’s analysis for an exotic action given by the following
action [12]
S[e, A]exotic =
1
2
∫
M
AIJ ∧ dAIJ +
2
3
AIK ∧AKL ∧ A
L
I +
∫
M
Λ
2
eI ∧De
I , (1)
where AIJ = Aµ
IJdxµ is the Lorentz connection valued in the Lie algebra of SO(2, 1) and eI
corresponds to the tetrad field or gravitational field, µ, ν = 0, 1, 2 are spacetime indices, xµ are the
coordinates that label the points for the 3-dimensional spacetime manifold M and I, J = 0, 1, 2
are internal indices that can be raised and lowered by internal Lorentzian metric ηIJ = (−1, 1, 1),
DaAb
IJ = ∂aAb
IJ + Aa
IKAbK
J + Aa
JKAb
I
K and F
IJ
ab = ∂aAb
IJ − ∂bAa
IJ + Aa
IKAbK
J −
Ab
IKAaK
J .
It is well-known that this exotic action is the coupling of Chern-Simons theory (the first two terms
on the left hand side of (1)) and the Nieh-Yang topological term. In the following lines we will find
an analogy among the Nieh-Yang term and Landau’s problem in the Chern-Simons quantization
[13].
The equations of motion obtained from (1) are given by
δS[A, e]exotic
δAαIJ
: ǫαµνRIJµν [A]− Λǫ
αµνeIµeJν = 0,
δS[A, e]exotic
δeIα
: ΛǫαµνDµe
I
ν = 0. (2)
The first equations of motion refer to Einstein’s equation written in the first order formalism, and the
second refers to the no-torsion condition. By contracting the equations of motion with the inverse
edI field, these imply that the spacetime has constant curvature equal to 6Λ.
On the other hand, we have commented above with the terminology of a pure Dirac’s method we
mean that we will consider in the Hamiltonian framework that all the fields that define our theory
are dynamical ones. It is important to remark, that usually the Hamiltonian analysis of any theory
is performed by considering as dynamical variables only those that occur in the Lagrangian density
with temporal derivative [10]. However, the price to pay for developing the analysis on a smaller
phase space is that we cannot know the complete structure of the constraints, their algebra and the
gauge transformations defined on the full phase space [8, 11, 14]. Hence, it is mandatory to develop
a complete Hamiltonian analysis in order to report all the relevant symmetries of the theory.
By performing the 2+1 decomposition of spacetime, it is assumed that the spacetime manifold is
of the form M3 = Σ × R, where Σ corresponds to Cauchy’s surface and R represents an evolution
parameter. By performing the 2 + 1 decomposition, we can write the action as
S[e, A]exotic =
∫
M
[
1
2
ǫ0abA0
IJFIJab +
1
2
ǫ0abAb
IJA˙aIJ +
Λ
2
ǫ0abeIbe˙
I
a + Λǫ
0abeIaDbeI0 −
Λ
2
ǫ0abA0
IJeaIebJ
]
dx3,
(3)
where we can identify the following Lagrangian density
L =
1
2
ǫ0abA0
IJFIJab +
1
2
ǫ0abAb
IJ A˙aIJ +
Λ
2
ǫ0abeIbe˙
I
a + Λǫ
0abeIaDbeI0 −
Λ
2
ǫ0abA0
IJeaIebJ . (4)
4Hence, by identifying our set of dynamical variables, a pure Dirac’s method calls for the definition
of the momenta (ΠαI ,Π
α
IJ) canonically conjugate to (e
I
α, Aα
IJ)
ΠαIJ =
δL
δA˙αIJ
, ΠαI =
δL
δe˙Iα
. (5)
The matrix elements of the Hessian
∂2L
∂(∂µeIα)∂(∂µe
I
β)
,
∂2L
∂(∂µeIα)∂(∂µAβ
IJ )
,
∂2L
∂(∂µAαIJ)∂(∂µAβIJ )
, (6)
are identically zero, the rank is zero, thus, we expect 18 primary constraints. From the definition of
the momenta (5) we identify the following 18 primary constraints
φI
0 := ΠI
0 ≈ 0,
φI
a := ΠI
a −
Λ
2
ǫ0abeIb ≈ 0,
φIJ
0 := ΠIJ
0 ≈ 0,
φIJ
a := ΠIJ
a −
ǫ0ab
2
AbIJ ≈ 0. (7)
The canonical Hamiltonian takes the form
Hc =
∫
dx2
[
−
1
2
A0
IJǫ0abFabIJ +
A0
IJ
2
[eIaΠJ
a − eJaΠI
a]− 2eI0DaΠI
a
]
, (8)
and the primary Hamiltonian is given as
HP = Hc +
∫
dx2
[
λIαφI
α + λIJαφIJ
α
]
, (9)
where λIα, λ
IJ
α are Lagrange multipliers enforcing the constraints. For this field theory, the non-
vanishing fundamental Poisson brackets are
{eα
I(x),ΠβJ(y)} = δ
β
αδ
I
Jδ
2(x− y),
{Aα
IJ (x),ΠβKL(y)} =
1
2
δβα
(
δIKδ
J
L − δ
I
Lδ
J
K
)
δ2(x− y). (10)
The 18×18 matrix whose entries are the Poisson brackets among the constraints (7)
{φI
a(x), φJ
b(y)} = −Λǫ0abηIJδ
2(x− y),
{φIJ
a(x), φKL
b(y)} =
1
2
ǫ0ab (ηILηJK − ηIKηJL) δ
2(x− y), (11)
which has rank=12 and 6 null-vectors. By using the 6 null-vectors and consistency conditions, one
obtains the following 6 secondary constraints
γ0I = ΠI
0 ≈ 0,
γ0IJ = ΠIJ
0 ≈ 0,
φ˙0IJ = {φIJ
0(x), HP } ≈ 0 ⇒ ψIJ :=
1
2
[ǫ0abFIJab + eJaΠI
a − eIaΠJ
a] ≈ 0,
φ˙0I = {φI
0(x), HP } ≈ 0 ⇒ ψI := 2DaΠI
a ≈ 0, (12)
and the rank allows us to fix the following values for the Lagrangian multipliers
φ˙I
a = {φI
a, HP } ≈ 0⇒ −Λǫ
0ab(λb
I +Dbe0
I) ≈ 0,
φ˙IJ
a = {φIJ
a, HP } ≈ 0⇒ ǫ
0ab(λb
IJ −DbA0
IJ) ≈ 0. (13)
5Consistency requires that their conservation in time vanishes as well. For this theory there are
no, third constraints. At this point, we need to identify from the primary and secondary constraints
which one corresponds to the first and the second class. For this aim, we need to calculate the
rank and the null-vectors of the 24× 24 matrix whose entries will be the Poisson brackets between
primary and secondary constraints, the non-zero brackets are given by
{φI
a(x), φJ
b(y)} = −Λǫ0abηIJδ
2(x− y),
{φI
a(x), ψJ (y)} = −Λǫ
0ab
[
ηIJ∂bδ
2(x− y)−AbIJδ
2(x− y)
]
,
{φIJ
a(x), φKL
b(y)} =
1
2
ǫ0ab [ηILηJK − ηIKηJL] δ
2(x− y),
{φIJ
a(x), ψK(y)} = [Π
a
IηJK − Π
a
JηIK ] δ
2(x − y),
{φIJ
a(x), ψKL(y)} =
ǫ0ac
2
[AcILηJK −AcJLηIK −AcKJηIL +AcKIηJL
+(ηIKηJL − ηILηJK)∂c]δ
2(x− y),
{ψI(x), ψKL(y)} = ∂aδ
2(x− y) [ηIKΠ
a
L − ηILΠ
a
K ] + δ
2(x− y) [AaLIΠ
a
K −AaKIΠ
a
L] ,
{ψIJ(x), ψKL(y)} =
1
4
[
ηIK(Π
a
LeJa −Π
a
JeLa) + ηJL(Π
a
KeIa −Π
a
IeKa) + ηKJ(Π
a
I eLa −Π
a
LeIa)
+ηIL(Π
a
JeKa −Π
a
KeJa)
]
δ2(x− y).
This matrix has rank=12 and 12 null vectors, thus, we find that our theory presents a set of 12 first
class constraints and 12 second class constraints. By using the contraction of the null vectors with
the constraints (7) and (12), we identified the following 12 first class constraints
γ0I = ΠI
0 ≈ 0,
γ0IJ = ΠIJ
0 ≈ 0,
γI = −2DaΠI
a +Daφ
a
I + Λe
J
aφIJ
a,
γIJ = Daφ
a
IJ +
ǫ0ab
2
FIJab +
1
2
[ΠI
aeJa −ΠJ
aeIa], (14)
and the following 12 second class constraints
χI
a = ΠI
a −
Λ
2
ǫ0abeIb ≈ 0,
χIJ
a = ΠIJ
a −
ǫ0ab
2
AbIJ ≈ 0, (15)
It is important to remark that these constraints have not been reported in the literature, and its
complete structure defined on the full phase space will be relevant in order to know the fundamental
gauge transformations. On the other hand, the constraints will play a key role to make progress in
the quantization. All this information is only possible by performing a pure Dirac’s analysis.
6Now, we will calculate the algebra of the constraints
{χI
a(x), χJ
b(y)} = −Λǫ0abηIJδ
2(x− y),
{χI
a(x), γJ (y)} = ΛχIJ
aδ2(x− y) ≈ 0,
{χI
a(x), γJN (y)} =
1
2
[ηIJχN
a − ηINχJ
a] δ2(x− y) ≈ 0,
{χIJ
a(x), γL(y)} =
1
2
[ηILχ
a
J − ηJLχ
a
I ] δ
2(x− y) ≈ 0,
{χIJ
a(x), γKL(y)} =
1
2
[χaILηKJ − χ
a
JLηKI + χ
a
KIηLJ − χ
a
KJηLI ] δ
2(x− y) ≈ 0,
{χIJ
a(x), χKL
b(y)} =
1
2
ǫ0ab [ηILηJK − ηIKηJL] δ
2(x − y),
{γI(x), γJ (y)} = ΛγIJδ
2(x− y) ≈ 0, (16)
{γI(x), γKL(y)} =
1
2
[γKηIL − γLηIK ] δ
2(x − y) ≈ 0, (17)
{γIJ(x), γKL(y)} = −
1
2
[γILηJK − γIKηJL + γJKηIL − γJLηIK ] δ
2(x − y) ≈ 0. (18)
Where we are able to appreciate that the algebra of the first class constraints is closed and we do
not need conditions on the ǫIJK in order to obtain that algebra, this result is different from general
relativity expressed by means of Palatini’s theory, because in Palatini’s theory in order to obtain
a closed algebra it is necessary to use the fact ǫIJK are the structural constants of SO(2, 1) [15].
Moreover, because of (16) the algebra does not form an ISO(2, 1) Poincare´ algebra, however, it is
a Lie algebra. In this respect, we are able to observe that Palatini’s gravity without a cosmological
constant forms a ISO(2, 1) Poincare´ algebra [14, 15]; in the exotic action, the cosmological constant
can not be zero, this will be seen in the following lines.
We have developed a pure Dirac’s analysis and there are second class constraints, however, they can
be eliminated through Dirac’s bracket for the theory. In fact, by observing that the matrix whose
elements are only the Poisson brackets among second class constraints is given by
Cαβ =


0 −ΛηIJ 0 0
ΛηIJ 0 0 0
0 0 0 12 [ηILηJK − ηIKηJL]
0 0 − 12 [ηILηJK − ηIKηJL] 0


ǫ0abδ2(x− y), (19)
its inverse will be
C−1αβ =


0 1Λη
IJ 0 0
− 1Λη
IJ 0 0 0
0 0 0 −2
[
ηILηJK − ηIKηJL
]
0 0 2
[
ηILηJK − ηIKηJL
]
0


ǫ0abδ
2(x − y). (20)
The Dirac’s brackets among two functionals A, B are expressed by
{A(x), B(y)}D = {A(x), B(y)}P +
∫
dudv{A(x), ζα(u)}C−1αβ(u, v){ζ
β(v), B(y)}, (21)
where {A(x), B(y)}P is the usual Poisson brackets between the functionals A, B and ζ
α(u) =
7(χI
a, χIJ
a). Hence, we obtain the following Dirac’s brackets of the theory
{eIa(x),Π
b
J(y)}D = {e
I
a(x),Π
b
J(y)}P +
∫
dudv{eIa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbJ (y)},
=
1
2
δbaδ
I
Jδ
2(x− y), (22)
{eIa(x), e
J
b(y)}D = {e
I
a(x), e
J
b(y)}P +
∫
dudv{eIa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v), eJ b(y)},
=
1
Λ
ηIJ ǫ0abδ
2(x − y), (23)
{ΠaI(x),Π
b
J(y)}D = {Π
a
I(x),Π
b
J(y)}P +
∫
dudv{ΠaI(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbJ(y)},
=
Λ
4
ηIJǫ
0abδ2(x− y), (24)
{AIJa(x),Π
b
LN(y)}D = {A
IJ
a(x),Π
b
LN (y)}P +
∫
dudv{AIJa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbLN(y)},
=
1
4
δba
[
δILδ
J
N − δ
I
Nδ
J
L
]
δ2(x− y), (25)
{AIJa(x), A
LN
b(y)}D = {A
IJ
a(x), A
LN
b(y)}P +
∫
dudv{AIJa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v), ALNb(y)},
=
1
2
[
ηILηJN − ηINηJL
]
ǫ0abδ
2(x− y), (26)
{ΠaIJ(x),Π
b
LN(y)}D = {Π
a
IJ (x),Π
b
LN (y)}P +
∫
dudv{ΠaIJ (x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbLN(y)},
=
1
8
[ηILηJN − ηINηJL] ǫ
0abδ2(x− y). (27)
{eIa(x), A
LN
b(y)}D = {e
I
a(x), , A
LN
b(y)}P +
∫
dudv{eIa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v), , ALNb(y)},
= 0, (28)
{eIa(x),Π
b
LN(y)}D = {e
I
a(x),Π
b
LN(y))}P +
∫
dudv{eIa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbLN (y)},
= 0, (29)
{AIJa(x),Π
b
L(y)}D = {A
IJ
a(x),Π
b
L(y))}P +
∫
dudv{AIJa(x), ζ
α(u)}C−1αβ(u, v){ζ
β(v),ΠbL(y)},
= 0, (30)
8It is important to remark that the fields e, A and their canonical momenta have become non-
commutative, and the cosmological constant can not be fixed to zero. On the other hand, in
Palatini’s gravity, by performing a pure Hamiltonian analysis, Dirac’s brackets among the fields e
and A become commutative and the cosmological constant can be taken as zero (see [15]). This
result marks a difference at the classical level among exotic and Palatini actions. Furthermore, we
notice that the term of Nieh-Yang becomes a magnetic like term, just as is present in Landau’s
problem. In fact, for a charged particle of mass m confined by a quadratic potential that moves in
a uniform magnetic field, the Lagrangian is given by [16]
L =
m
2
x2i +
B
2
ǫij x˙
ixj −
K
2
x2i , (31)
where B is the magnetic field and K is a constant. In general the action (31) is not singular and the
Hamiltonian analysis is easy to carry out. Because of the action is not singular, we can take B or
K as zero without problem. However, by taking the limit m→ 0 the system becomes singular and
after a Dirac’s analysis of (31) in that limit, there are second class constraints, and the coordinates
are non-commutative; Dirac’s brackets of the theory are given by {xi, xj}D = −
ǫij
B
, thus, for this
singular theory B can not be zero; in fact, the spectra of energy depend on a factor 1
B
[13]. In this
manner, in analogy with the action (31), in the exotic action the Nieh-Yang term is a ”magnetic
field” like term (see the term Λ2 ǫ
0abe˙IaeIb of (3)), namely, the cosmological constant becomes to be
the magnetic field B and the field e the non-commutative coordinates (see eq. (23)). Of course, the
Chern-Simons term can be treated in the same form; however, Chern-Simons gives non-commutative
connections A (see eq (26)), and the Nieh-Yang term gives non-commutative fields e. Thus, the Nieh-
Yang term becomes a non-commutative gauge theory for the triad field. Therefore, we realize that
for a singular theory it is not a correct step to fix the parameters that occur in the theory before
developing a detailed analysis. In order to study a singular system with arbitrary parameters, first,
it is mandatory to perform a detailed Dirac’s analysis, then, we could study the behavior of the
action by taking the limit → 0 of the parameters. The exotic action is a singular system and our
detailed analysis indicates that the cosmological constant cannot be fixed to zero.
Moreover, the identification of the constraints will allow us to identify the extended action. By using
the first class constraints (17), the second class constraints (18), and the Lagrangian multipliers (15)
we find that the extended action takes the form
SE [e
I
α, A
IJ
α,Π
α
I ,Π
α
IJ , u0
I , u0
IJ , uI , uIJ , va
I , va
IJ ] =
∫
M
[
e˙IαΠ
α
I + A˙
IJ
αΠ
α
IJ
−H ′ − u0
IγI
0 − u0
IJγIJ
0 − uIγI − u
IJγIJ − va
IχI
a − va
IJχIJ
a
]
dx3, (32)
where H
′
is the linear combination of first class constraints
H
′
=
∫ [
e0
IγI −A0
IJγIJ
]
dx2, (33)
and u0
I , u0
IJ , uI , uIJ , va
I , va
IJ are Lagrange multipliers enforcing the first and second class con-
straints. From the extended action we can identify the extended Hamiltonian given by
HE = H
′
+
∫ [
u0
Iγ0I + u0
IJγ0IJ + u
IγI + u
IJγIJ
]
dx2. (34)
9It is important to remark, that the theory under study has an extended Hamiltonian which is a linear
combination of first class constraints reflecting the general covariance of the theory, just as General
Relativity, thus, in order to perform a quantization of the theory, it is not possible to construct
the Schro¨dinger equation because the action of the Hamiltonian on physical states is annihilation.
In Dirac’s quantization of systems with general covariance, the restriction of our physical state is
archived by demanding that the first class constraints in their quantum form must be satisfied and
the Dirac’s brackets must be taken into account as well, thus in this paper we have all the tools for
studying the quantization of the theory by means of a canonical framework.
One of the most important symmetries that can be studied by using the Hamiltonian method, are
the gauge transformations. Gauge transformations are fundamental in the identification of physical
observables [6]. In this respect, we have commented above that a detailed analysis will give us
the correct gauge symmetry. In fact, the correct gauge symmetry is obtained according to Dirac’s
conjecture by constructing a gauge generator using the first class constraints, and the structure of
the constraints defined on the full phase space will give us the fundamental gauge transformations.
For this aim, we will apply the Castellani’s algorithm to construct the gauge generator. We define
the generator of gauge transformations as
G =
∫
∑
[
D0ε
I
0γ
0
I +D0ε0
IJγ0IJ + ε
IγI + ε
IJγIJ
]
. (35)
Therefore, we find that the gauge transformations on the phase space are
δ0e
I
0 = D0ε
I
0,
δ0e
I
a = Daε
I + εIJeaJ ,
δ0A0
IJ = D0ε0
IJ ,
δ0Aa
IJ =
Λ
2
[
eJaε
I − eIaε
J
]
−Daε
IJ ,
δ0Π
0
I = 0,
δ0Π
a
I =
Λ
2
ǫ0ab∂bεI + Λε
JΠaIJ − ε
J
IΠ
a
J ,
δ0Π
0
IJ = −εI
LΠ0LJ + εJ
LΠ0LI ,
δ0Π
a
IJ =
1
2
[εIΠ
a
J − εJΠ
a
I ] +
[
εJ
LΠaIL − εI
LΠaJL
]
+
1
2
ǫ0ba∂bεIJ . (36)
We realize that the fundamental gauge transformations of the exotic action are given by (36) and
do not correspond to diffeomorphisms, but they are Λ-deformed ISO(2, 1) Poincare´ transforma-
tions. However, any theory with a dynamical background metric is diffeomorphisms covariant, and
this symmetry must be obtained from the fundamental gauge transformation. Hence, the diffeomor-
phisms can be found by redefining the gauge parameters as ε0
I = εI = ξρeIρ, ε0
IJ = εIJ = −ξρAρ
IJ ,
and the gauge transformation (36) takes the following form
e′Iα → e
I
α + Lξe
I
α + ξ
ρ
[
Dαe
I
ρ −Dρe
I
α
]
,
A′α
IJ → Aα
IJ + LξAα
IJ + ξρ
[
RIJαρ −
Λ
2
(eIαe
J
ρ − e
J
αe
I
ρ)
]
, (37)
Therefore, diffeomorphisms are obtained (on shell) from the fundamental gauge transformations
as an internal symmetry of the theory. With the correct identification of the constraints, we can
10
carry out the counting of degrees of freedom in the following form: there are 36 canonical variables
(eIα, Aα
IJ ,ΠαI ,Π
α
IJ), 12 first class constraints (γI
0, γIJ
0, γI , γIJ) and 12 second class constraints
(χI
a, χIJ
a) and one concludes that the exotic action for gravity in three dimensions is devoid of
degrees of freedom, therefore, the theory is topological.
As a conclusion of this part, we have performed a pure Hamiltonian analysis for the exotic action
by working with the complete configuration space. With the present analysis, we have obtained the
extended action, the extended Hamiltonian, the complete structure of the constraints on the full
phase space, and the algebra among them. The price to pay for working on the complete phase
space, is that the theory presents a set of first and second class constraints; by using the second
class constraints we have constructed Dirac’s brackets and they will be useful in the quantization of
the theory.
III. THE SYMPLECTIC METHOD FOR EXOTIC ACTION
In order to develop a complete analysis, in this section we shall carry out the covariant canonical
formalism for the theory, and we shall confirm some results obtained in the above section.
Let us start by calculating the variation of the exotic action
δS[A, e]exotic =
∫
M
[
1
2
(ǫαµνFIJµν [A]− Λǫ
αµνeIµeJν) δAα
IJ +
(
ΛǫαµνDµe
I
ν
)
δeIα
]
−
∫
M
∂µ
(
ΛǫµανeIαδe
I
ν + ǫ
µανAα
IJδAνIJ
)
, (38)
where we can identify the equations of motion (2) and the integral kernel for the symplectic structure
from the boundary term
Ψµexotic = ǫ
µανΛeIαδe
I
ν + ǫ
µανAα
IJδAνIJ . (39)
which does not contribute locally to the dynamics, but generates the symplectic form on the phase
space [5].
Now, we define the fundamental concept in the studio of the symplectic formalism of the theory: the
covariant phase space for the theory described by (5) is the space of solutions of (2), and we shall
call it Z. In this manner, we can obtain the fundamental two-form of the geometric structure for
the theory by means of the variation (exterior derivative on Z [5] ) of the symplectic potential (39)
̟ =
∫
Σ
JµdΣµ =
∫
Σ
δΨµdΣµ =
∫
Σ
(
ǫµανΛδeIα ∧ δe
I
ν + ǫ
µανδAα
IJ ∧ δAνIJ
)
dΣµ, (40)
where Σ is a Cauchy hypersurface. We are able to observe in the geometric structure (40) the non-
commutative character of the dynamical variables.
So, we will prove that our symplectic form is closed and gauge invariant. Moreover, the integral
kernel of the geometric form Jµ is conserved, which guarantees that ̟ is independent of Σ. We need
to remember that the closeness of ̟ is equivalent to the Jacobi identity that the Poisson brackets
satisfy in the usual Hamiltonian scheme.
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In order to prove the closeness of ̟ , we can observe that δ2eIµ = 0 and δ
2Aα
IJ = 0, because eIµ
and Aα
IJ are independent 0-forms on the covariant phase space Z and δ is nilpotent, thus
δ̟ =
∫
Σ
{
ǫµανΛδ2eIα ∧ δe
I
ν − ǫ
µανΛδeIα ∧ δ
2eIν + ǫ
µανδ2Aα
IJ ∧ δAνIJ
− ǫµανδAα
IJ ∧ δ2AνIJ
}
dΣµ = 0, (41)
therefore the geometric form is closed.
For future useful calculations we shall obtain the linearized equations of motion of the theory. For
this purpose, we replace AνIJ → δAνIJ and e
I
µ → δe
I
µ in (2) and keep only the first-order terms, we
obtain
ǫµαν
[
D[αδAν]IJ
]
− Λ [eαIδeνJ + δeαIeνJ ] = 0,
Λǫµαν
[
DαδeνI + e
J
ν δAαIJ
]
= 0. (42)
Furthermore, we can see that under fundamental gauge transformations given in (36) and for some
infinitesimal variation we have
δA′α
IJ = δAα
IJ − δAα
I
Kǫ
KJ − δAα
J
Kǫ
IK ,
δe′
I
α = δe
I
α + δeαJǫ
IJ , (43)
thus, by using (43), we find that ̟ transforms
̟′ =
∫
Σ
(
ǫµανΛδe′Iα ∧ δe
′I
ν + ǫ
µανδA′α
IJ ∧ δA′νIJ
)
dΣµ
= ̟ +
∫
Σ
O(ǫ2)dσ. (44)
Therefore, ̟ is a SO(2, 1) singlet. This result allows us to prove that
∂µJ
µ = DµJ
µ = Λǫµαν
[
DµδeαI ∧ δeν
I + δeαI ∧Dµδeν
I +Dµδα
IJ ∧ δνIJ + δα
IJ ∧DµδνIJ
]
= −Λǫµανeα
JδAµIJ ∧ δeν
I − Λǫµανeν
JδeαI ∧ δAµIJ +
Λ
2
ǫµανeαJδeµI ∧ δAνIJ
+
Λ
2
ǫµανeµIδeαJ ∧ δA
IJ
ν +
Λ
2
ǫµανeµIδAα
IJ ∧ δeνJ +
Λ
2
ǫµανeνJδAα
IJ ∧ δeµI = 0, (45)
where we have used the linearized equations given in (42), and the antisymmetry of 1-forms δeν
I
and δAα
IJ . Therefore, ̟ is independent of Σ, thus performing a Lorentz transformation Σt → Σ
′
t
and ̟ → ̟′
̟′ =
∫
Σ
δΨ′αdΣ′α =
∫
Σ
δΨαdΣα = ̟. (46)
In this manner, with these results we have constructed a Lorentz and gauge invariant symplectic
structure on the phase space and it is possible to formulate the Hamiltonian theory in a manifestly
covariant way.
In order to reproduce the gauge transformations found in the Hamiltonian formalism by using now
the symplectic method, let us consider that upon picking Σ to be the standard initial value surface
t = 0, hence equation (40) takes the standard form
̟ =
∫
Σ
[
δΠaI ∧ δea
I + δΠaIJδAa
IJ
]
, (47)
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where ΠaI ≡ Λǫ
0abeIb and Π
a
IJ ≡ ǫ
0abAbIJ .
For two 0-forms f , g defined on Z, the Hamiltonian vector field defined by the symplectic form (47)
Xf ≡
∫
Σ
δf
δΠaI
δ
δeaI
−
δf
δeaI
δ
δΠaI
+
δf
δΠaIJ
δ
δAaIJ
−
δf
δAaIJ
δ
δΠaIJ
, (48)
and the Poisson bracket {f, g} = −Xf (g) is given by
{f, g} ≡
∫
Σ
δf
δeaI
δg
δΠaI
−
δf
δΠaI
δg
δeaI
+
δf
δAaIJ
δg
δΠaIJ
−
δf
δΠaIJ
δg
δAaIJ
. (49)
Furthermore, smearing the constraints (14) with test fields we obtain
γI
[
CI
]
=
∫
Σ
CI
[
−2DaΠI
a +Daφ
a
I + Λe
J
aφIJ
a
]
,
γIJ
[
CIJ
]
=
∫
Σ
CIJ
[
Daφ
a
IJ +
ǫ0ab
2
FIJab +
1
2
[ΠI
aeJa −ΠJ
aeIa]
]
. (50)
By inspection, the functional derivatives different from zero are given by
δγI
[
CI
]
δeaI
= −
Λ
2
ǫ0abDbCI − ΛC
JφaIJ ,
δγI
[
CI
]
δΠIa
= DaC
I ,
δγIJ
[
CIJ
]
δeaI
= −CI
JΠaJ ,
δγIJ
[
CIJ
]
δΠIa
= CIJeaJ ,
δγI
[
CI
]
δAaIJ
= −
1
2
[CIΠ
a
J − CJΠI
a] ,
δγI
[
CI
]
δΠaIJ
=
Λ
2
[
CIeJa − C
JeIa
]
,
δγIJ
[
CIJ
]
δAaIJ
=
ǫ0ab
2
∂bCIJ +
[
CI
FΠaJF − CJ
FΠaIF
]
,
δγIJ
[
CIJ
]
δΠaIJ
= −DaC
IJ . (51)
Thus, by using (50) and (51) (the motion on Z generated by γI
[
CI
]
and γIJ
[
CIJ
]
, is given by
eIa → e
I
a + ξDaC
I + ξCIJeaJ +O(ξ
2),
Aa
IJ → Aa
IJ −
ξΛ
2
[
eIaC
J − eJaC
I
]
− ξDaC
IJ +O(ξ2),
ΠaI → Π
a
I +
ξΛ
2
ǫ0ab∂bCI + ξΛC
JΠaIJ − ξC
J
IΠ
a
J +O(ξ
2), ,
ΠaIJ → Π
a
IJ +
ξ
2
[CIΠ
a
J − CJΠ
a
I ] + ξ
[
CJ
LΠaIL − CI
LΠaJL
]
+
ξ
2
ǫ0ba∂bCIJ +O(ξ
2), (52)
where ξ is an infinitesimal parameter [17]. We are able to observe that the gauge transformations (55)
are those found using Dirac’s method (see (36)), and correspond to Λ-deformed Poincare´ transfor-
mations. Furthermore, it is well-known that any background independent theory is diffeomorphisms
covariant and this symmetry should be manifest in our geometric structure, in order to prove that
̟ is diffeomorphisms covariant we observe that (37) for some infinitesimal variation takes the form
δe′Iα → δe
I
α + ξ
µ∂µδe
I
α + δe
I
µ∂αξ
µ,
δA′α
IJ → δAα
IJ + ξµ∂µδAα
IJ + δAµ
IJ∂αξ
µ, (53)
thus by using (53), ̟ will undergo the transformation as
̟′ =
∫
Σ
(
ǫµανΛδe′Iα ∧ δe
′I
ν + ǫ
µανδA′α
IJ ∧ δA′νIJ
)
dΣµ,
= ̟ +
∫
Σ
Lξ̟. (54)
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Moreover, Lξ̟ = ξ ·d̟+d(ξ ·̟), but ̟ is closed (d̟ = 0), hence the term on the right hand side is
a surface term. Therefore, we have showed that ̟ is invariant under infinitesimal diffeomorphisms.
As a conclusion of this section, we have constructed a gauge invariant symplectic form on Z which
in turn represents a complete Hamiltonian description of the covariant phase space for the theory,
and it will allow us to analyze the quantum treatment in forthcoming works.
IV. CONCLUSIONS AND PROSPECTS
In this paper, a detailed Hamilton analysis for an exotic action has been performed; in our
analysis, the price to pay by working on the complete phase space is that the theory presents a
set of first and second class constraints and we have identified their full structure. By identifying
the complete structure of the constraints, we found the fundamental gauge transformations of the
theory corresponding to deformed Poincare´ transformations and by defining the gauge parameters,
diffeomorphisms can be obtained from the fundamental gauge symmetry. It is important to comment,
that only by using a pure Dirac’s analysis it is possible to identify the complete gauge symmetry
of the theory. On the other hand, we constructed the fundamental Dirac’s brackets and we showed
that the exotic action is non-commutative and presents problems when the cosmological constant
takes the value Λ = 0, because there is a singularity at the level of Dirac’s brackets. In this respect,
we observed an analogy with the case of Landau’s problem identifying the cosmological constant
with the magnetic field and the field e with the non-commutative coordinates. Additionally we have
showed that the exotic action is different from Palatini’s theory even at the classical level; in Palatini’s
theory by performing a complete analysis, their Dirac’s brackets among the dynamical variables are
commutative and the cosmological constant can take the zero value, and there are no singularities
[15]. On the other hand, we developed the canonical covariant formalism, we constructed a gauge
invariant symplectic form and we confirmed the results obtained by means of Dirac’s framework. In
this manner, we have developed all tools to analyze the quantization aspects of the exotic action by
using Dirac’s canonical method or canonical covariant formalism.
Finally, our analysis can be extended to others actions sharing the same equations of motion with
three dimensional gravity [16], namely
S[A, e] = S′[A, e] +
1
γ
S˜[A, e], (55)
where S′[A, e] is the Palatini action, and
S˜[A, e] =
1√
|Λ|
[
1
2
∫
M
AIJ ∧ dAIJ +
2
3
AIK ∧ AKL ∧ A
L
I
]
+ s
√
|Λ|
∫
M
eI ∧De
I , (56)
where s is a constant, Λ is the cosmological constant and γ is an Immirzi-like parameter [13]. In
fact, the action (55) gives rise to the same equations of motion of the Palatini action, however,
from our analysis we can observe that Dirac’s brackets of the canonical variables A and e will be
non-commutative. In [16] was performed a canonical analysis on a smaller phase space context of
14
the action (55), however, we have observed that it is mandatory to perform a detailed canonical
analysis in order to know the complete symmetries. In fact, in [16], it was not discussed the
fundamental gauge symmetry of (55), and the case of Λ = 0 was studied on a smaller phase space,
obtaining that (55) is reduced to gravity without a cosmological constant; however, already there
exists non-commutativity among the dynamical variables, thus, this is not a complete study because
we have commented that Palatini’s gravity is commutative among their dynamical variables. In
this manner, it is necessary to perform a complete Hamiltonian analysis in order to obtain a
complete description of the theory [18]. Furthermore, it is important to comment that there exist
formulations of 3D gravity where has been introduced correctly the Immirzi parameter [19, 21]. In
fact, the parameter introduced in these papers, vanishes on half-shell, this is, when the torsion-free
condition holds, which is also how the four-dimensional Immirzi parameter disappears from the
Holst action. Hence, it will be useful to compare the difference among the results given in [16] and
those reported in [19, 21].
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